We theoretically discuss a momentum-space analog of the quantum Hall effect, which could be observed in topologically nontrivial lattice models subject to an external harmonic trapping potential. In our proposal, the Niu-Thouless-Wu formulation of the quantum Hall effect on a torus is realized in the toroidally shaped Brillouin zone. In this analogy, the position of the trap center in real space controls the magnetic fluxes that are inserted through the holes of the torus in momentum space. We illustrate the momentum-space quantum Hall effect with the noninteracting trapped Harper-Hofstadter model, for which we numerically demonstrate how this effect manifests itself in experimental observables. Extension to the interacting trapped Harper-Hofstadter model is also briefly considered. We finally discuss possible experimental platforms where our proposal for the momentum-space quantum Hall effect could be realized.
I. INTRODUCTION
The discovery of the quantum Hall effect revealed the dramatic role that topological properties of quantum states can have on observable quantities. In the quantum Hall effect, the transverse Hall conductivity of a twodimensional (2D) electron gas is precisely quantized in the presence of a strong, static, and perpendicular magnetic field [1, 2] . The first step towards a theoretical understanding of this effect was put forward by Laughlin [3] . By considering a 2D electron gas confined to the curved surface of a cylinder, Laughlin found that the quantized Hall conductivity was related to the response of the system to an insertion of a magnetic flux through the ends of the cylinder. Soon afterwards, Thouless, Kohmoto, Nightingale, and den Nijs (TKNN) [4] discovered that the quantum Hall response could be expressed in terms of a topological invariant of the energy band, the so-called Chern number, opening up the new field of topological insulators and superconductors in solid-state physics [5, 6] .
A few years after the TKNN paper, an elegant formulation of the quantum Hall effect was proposed by Niu, Thouless, and Wu [7, 8] . By imagining the 2D electron gas confined to the surface of a torus, they found that the Hall conductance could be written in terms of the response of the system to twists of the boundary condition around the torus, or, equivalently, to the insertion of magnetic fluxes through the holes of the torus. This formalism has the advantage over other approaches that it is not restricted to non-interacting, clean systems, but can also describe the many-body quantum Hall effect in the presence of interactions and disorder. Thanks to its wide applicability, the Niu-Thouless-Wu formulation of the quantum Hall effect has therefore been used extensively as a powerful tool to theoretically understand both the integer and fractional quantum Hall effects [9] . The quantum Hall effect on a torus is also itself an important subject of study as a system in a fractional quantum Hall state is generally characterized by a topologicallyprotected ground-state degeneracy when the underlying geometry is multiply connected [10] . Unfortunately, the experimental difficulty of preparing a quantum Hall sample in the toroidal geometry, which is essential for the Niu-Thouless-Wu formulation, has so far hindered a direct experimental realization of this gedankenexperiment.
In all of the works quoted above, as well as in most of the literature, the quantum Hall effect was studied in the usual real-space case, i.e., where the Hall current is an electric current that flows in real space along the physical edges of the sample and where the conductance in response to a real-space electric field is quantized to an integer value.
FIG. 1:
The analog magnetic fluxes that are inserted through the holes of the toroidally-shaped Brillouin zone, whose length in the px direction is Lx and in the py direction is Ly. In this analogy, the Berry curvature Ω(p) acts as an effective magnetic field in momentum space. The trap center is located at (x0, y0). In this paper, we show that a generalized quantum Hall effect can also occur in momentum space. A 2D topologically-nontrivial model in momentum space is realized by applying a harmonic confining potential to an underlying 2D topologically-nontrivial real-space model. The Berry curvature of the underlying energy bands acts as an effective magnetic field in momentum space and the underlying band dispersion acts as a periodic potential in momentum space, while the confining potential provides the momentum-space kinetic energy [11, 12] . The global connectivity of momentum space is also set by the Brillouin zone, which naturally maps onto a torus as the quasi-momentum is periodic with respect to the reciprocal lattice vectors. Importantly, it turns out that moving the center of the harmonic trap through the twodimensional real space corresponds to the insertion of magnetic fluxes through the two holes of the torus in momentum space, as depicted in Fig. 1 and further described in the body of the paper. According to the Niu-ThoulessWu formalism, the momentum-space Hall conductivity is then related to the real-space displacement of the wave function from the trap center when the latter is moved in real space so as to vary the momentum-space magnetic flux. As a result, this proposal of the quantum Hall effect in momentum space provides the first realistic system for which the quantum Hall effect on a torus can be observed in experiments. We note that in terms of the formalism of the dynamical quantum Hall effect developed in [13] , our momentum-space quantum Hall effect can be interpreted as a dynamical quantum Hall effect where the dynamical parameter is the position of the trap center.
In Sec. II, we briefly review the Niu-Thouless-Wu formalism of the quantum Hall effect, before reviewing the effective momentum-space theory of a particle in topologically nontrivial models in the presence of an external harmonic trap in Sec. III. Based on these concepts, we then proceed in Sec. IV to present the momentum-space quantum Hall effect for general momentum-space topological models. In Sec. V, the general idea is applied to the specific case of a trapped non-interacting HarperHofstadter model, for which we numerically confirm the expected features of the quantum Hall effect in momentum space. We extend our discussion to include the effect of weak interactions in this model in Sec. VI. Finally, in Sec. VII we discuss possible experimental setups based on ultracold gases and photonics where the momentumspace quantum Hall effect could be observed in the near future, before drawing conclusions and presenting future perspectives in Sec. VIII.
II. THE NIU-THOULESS-WU FORMALISM OF THE REAL-SPACE QUANTUM HALL EFFECT
We first review the Niu-Thouless-Wu formalism of the usual quantum Hall effect in real sapce [7, 8] . We consider a two-dimensional system of N particles whose Hamiltonian is
where m is the mass of a particle, p a is the momentum of a particle labeled a, and A(r a ) and V (r a ) are the vector potential and the scalar potential of the particle at position r a . We have set the charge of a particle to be unity. The term H int takes into account inter-particle interactions.
When the system is in a many-body eigenstate |α of the Hamiltonian (1), the Hall conductivity in the presence of an additional external electric field is given by the Kubo formula:
where L x and L y are the lengths of the system in the x and y directions, respectively, and we have set = 1.
The sum is over all many-body eigenstates |β different from |α , where E α and E β are the energies of the states |α and |β , respectively. The µth component of the total current operator J is
Now, we assume that the particles are confined to move on the surface of a torus. In the presence of a non-zero magnetic field, the vector potential A(r) cannot be made periodic over the torus, and instead satisfies the following boundary conditions [9] :
with transition functions φ x and φ y which are uniquely defined up to a constant additive factor. Correspondingly, also the wave function Ψ({r a }) = {r a }|α is not periodic but satisfies
where the additional constants θ x and θ y can be arbitrarily chosen so as to provide the desired "twist angles" in the boundary conditions. The physical meaning of these twist angles can be better understood by performing the gauge transformation,
where
With respect to this transformed wave functionΨ, the boundary conditions no longer involve the twist θ L , which now appears as a constant term in the magnetic vector potential. As in Laughlin's gedankenexperiment [3, 14] , when the underlying manifold is a torus, a constant shift in vector potential corresponds to inserting a solenoid flux through the two holes of the torus with a magnetic flux θ x and θ y , respectively. Thus, a system with a twisted boundary condition (5) without a flux through the torus is related via a gauge transformation to a system without a twist in the boundary condition but with a flux through the torus; the two pictures are fully equivalent. Let us denote by |α and |β the many-body eigenstates corresponding in the transformed gauge to the states |α and |β in the original gauge. Then, in the transformed gauge the Hall conductivity is
and the Hamiltonian reads as
Using the relation
whose proof is sketched in the footnote [31] , and the completeness relation that β |β β | is equal to the identity, the expression (7) simplifies to
This is the Berry curvature defined in the parameter space spanned by (θ x , θ y ). As shown in [7, 8] , the conductance σ xy no longer depends on the boundary conditions θ x and θ y in the thermodynamic limit. Then we can take an average over θ x and θ y , which results in
where C is the Chern number in (θ x , θ y ) space: depending on the nature of the state of interest, this Chern number C can either be an integer when the state is non-degenerate and gapped from other states (the integer quantum Hall effect), or can take a fractional value when the state is degenerate and gapped (the fractional quantum Hall effect). This argument for the quantization of the Hall conductance relies on the assumption that we have a toroidal geometry, and that the magnetic flux can be inserted through the holes of the torus or, equivalently, that the boundary condition of the system can be adjusted. The torus geometry and the flux insertion are difficult to experimentally realize in the ordinary setup of the quantum Hall effect in real space. Therefore, although the Hall conductance has been measured in a simpler cylindrical (Corbino disk) geometry [15] , the measurement of the Hall conductance in the full toroidal geometry is lacking, and thus the Niu-Thouless-Wu formulation has so far only been used for theoretical purposes.
In contrast, the main result of this paper is that both a toroidal geometry and a flux insertion mechanism can be realized in momentum space, resulting in the quantization of the analog of the Hall conductivity in momentum space. In the next section, we will follow [11, 12] and review how topologically non-trivial momentum-space models can arise from harmonically trapped topological models in real space. In particular, we will show how a controllable magnetic flux can be inserted through the holes of the momentum-space torus by simply displacing the center of the harmonic trap in real space.
III. EFFECTIVE MOMENTUM-SPACE HAMILTONIAN
In this section, we review the momentum-space theory of a particle in a topologically nontrivial model with a harmonic confinement potential. We consider a twodimensional real-space lattice model with a harmonic confining potential, described by the following singleparticle Hamiltonian:
where H 0 is a periodic lattice Hamiltonian, and κ is the strength of the harmonic confinement. The harmonic potential is centered at a position r 0 ≡ (x 0 , y 0 ), which need not coincide with a lattice site. We assume that H 0 has q bands, and that these have nontrivial geometry, namely, the Berry connection A n,n ′ ≡ i n, p|∇ p |n ′ , p is generally nonzero. Here, |n, p is the Bloch state of H 0 labeled by the band index n and the quasimomentum p and satisfying H 0 e ip·r |n, p = E n (p)e ip·r |n, p , where E n (p) is the band dispersion of the n-th band. In order to derive an effective model in momentum space, we expand the wave function |Ψ in the Bloch state basis as |Ψ = n,p ψ n,p e ip·r |n, p . Assuming for the moment that the trap center is at the origin (x 0 = y 0 = 0), the time evolution of the momentum-space wave function ψ n,p obeys [11] 
q is a q × q identity matrix, andÊ(p) is the diagonal matrix whose n-n component is E n (p). The Berry connection matrix ← → A (p) is a q × q matrix whose n-n ′ component is A n,n ′ (p). Therefore, the time evolution of the momentum-space wave functionψ p follows the momentum-space Hamiltonian
The mapping from the original Hamiltonian (13) to the momentum-space Hamiltonian (15) is exact with no approximation involved so far. Now, we assume that the trapping potential and the temperature are small enough that only the lowest band is populated. Then, the dynamics of the momentumspace wave function takes place only within the lowest band. Thus, ψ 1,p is the only nonzero component of the wave function. Its time evolution obeys i∂ t ψ 1,p (t) = H M ψ 1,p (t), with an effective Hamiltonian [16, 17 ]
One may notice a clear analogy between this momentumspace Hamiltonian and the Hamiltonian of a charged particle in an electromagnetic vector potential. We effectively have, in momentum space, a charged particle with mass κ −1 subject to a vector potential A 1,1 (p) and a scalar potential
The momentum-space magnetic field is given by the Berry curvature in momentum space Ω(p) ≡ ∇ p × A 1,1 (p). It is this analogy with the charged particle in a magnetic field which enables us to explore the physics of quantum Hall effect in momentum space. For simplicity, from now on, we write A 1,1 as A = (A x , A y ). The total amount of flux going through momentum space is given by the integral of the Berry curvature over the Brillouin zone, i.e., the usual topological Chern number in momentum space. To explore analog magnetic effects, such as quantum Hall effects, in momentum space, we therefore need a model with a non-zero Chern number in momentum space, and then to add an external harmonic trap to this model.
We now allow the trap center r 0 to be at a general position, and show that the trap center r 0 acts as an effective magnetic flux inserted through the holes of the torus of the Brillouin zone (Fig. 1) . The term κ(i∇ p + A) 2 /2 in (16) comes from the harmonic trapping potential κr 2 /2; r ≡ (x, y) is replaced by its momentum-space representation i∇ p + A. Then, when the trap center is shifted, the trapping potential has the form κ(r − r 0 ) 2 /2, and the momentum-space Hamiltonian becomes [12] 
where A 0 is the Berry connection when r 0 = 0. When the trap center is at a generic position, we can identify a shifted Berry connection A ≡ A 0 − r 0 , which immediately shows how shifting the trap center corresponds to adding a uniform component in the Berry connection. As discussed in Sec. II for the real-space torus, this uniform component can be seen either as a flux through the Brillouin zone, or, equivalently, as a twisted boundary condition in the Brillouin zone. As a result, by changing the position r 0 of the trap center, one can control the amount of the effective flux threading the holes of the Brillouin zone torus.
In Fig. 1 , we plot the directions of the magnetic fluxes inserted in the momentum-space torus corresponding to the shift of the trap center in both directions. The amount of flux inserted in the Brillouin zone corresponding to the trap center at x 0 is Φ x = L x x 0 , where L x is the length of the Brillouin zone in the p x direction [ Fig. 1(b) ]. Insertion of one magnetic flux quantum corresponds to the trap center position of 2π/L x , which in turn corresponds to the length of the unit vector of the real-space lattice in the x direction. Therefore, moving the trap center by one unit vector in real space corresponds to inserting one magnetic flux quantum through a hole of the momentum-space torus. Moving the trap center in the y direction in real space corresponds to inserting a magnetic flux of Φ y = L y y 0 in momentum space in the other direction [ Fig. 1(c) ]. In an alternative but fully equivalent picture, shifting the trap center from (0, 0) to (x 0 , y 0 ) can also be viewed as fixing the Berry connection to A 0 and changing the boundary condition at the edges of the Brillouin zone by factors of e iLxx0 and e iLyy0 in the p x and p y directions, respectively.
Even though we have so far discussed the mapping at the level of the single-particle physics only, it is straightforward to extend it to a many-body system including inter-particle interactions. The momentum-space manybody Hamiltonian with N particles is then
where particles are labeled by the index a. It is however crucial to note that a local and short-ranged real space interaction translates into a non-local and long-ranged momentum space interparticle interaction H M int . An example of such a momentum-space interaction is given in [12] for the case of the harmonically-trapped Harper-Hofstadter model.
IV. QUANTUM HALL EFFECT IN MOMENTUM SPACE
We are finally in a position to discuss the momentumspace analog of the quantum Hall effect. This effect can be observed by looking at the momentum-space current response as an analog magnetic flux is inserted through a hole of the torus-shaped Brillouin zone. We consider a generic many-body system, described by the momentumspace Hamiltonian (18) . Since the insertion of a flux corresponds to a shift in the trap center, we consider adiabatically moving the trap center along the x direction according to a generic smooth function x 0 (t) (a fully analogous analysis holds for the motion of the trap center in the y direction). The current operator can be defined in momentum space in analogy to the real-space current operator (3) as [19] 
where ∇ r0 is the derivative with respect to r 0 . We assume that we start from the many-body ground state |ψ 1 and adiabatically move the trap center in the x direction. The momentum-space current in the p y direction is given by
where |ψ(t) is the many-body state at time t. The state |ψ(t) can be expressed in terms of instantaneous many-body eigenstates |ψ ν (t) of the momentumspace Hamiltonian, labeled by an index ν, which satisfy
Here, E ν (t) is the ν-th instantaneous eigenvalue of H M (t) at time t, which is also the ν-th eigenvalue of the original real-space Hamiltonian H at time t. Note the difference between E n and E ν ; the former is the band dispersion of the periodic part of the Hamiltonian H 0 , whereas the latter is the energy of the full Hamiltonian H. Then, up to the first order in time-dependent perturbation theory, we have [18] 
Inserting this expression into (20), we obtain
whereΩ(r 0 ) is the Berry curvature in r 0 space. The connection between j y and the quantum Hall effect may be more transparent when one writes ∂ t x 0 = ∂ t Φ x /L x . The term ∂ t Φ x acts as an "emf" in momentum space coming from the Faraday's law in momentum space, so ∂ t x 0 is nothing but the induced artificial electric field in momentum space. Thus, the Hall conductivity in momentum space is given bỹ
which is exactly the analog of the real-space Hall conductivity (11) . This expression shows that the NiuThouless-Wu formulation of the quantum Hall effect applies also to momentum space. Note that generally speaking there can be a momentum-space current even in the absence of the artificial electric field due to the first term of (22), which gives the persistent current in momentum space [19] . Such a persistent current can also exist in the real-space quantum Hall effect; an analogous expression for the real-space Hall current including the persistent current can be found, for example, in [20] . As noted in the Introduction, our quantum Hall effect in momentum space can be viewed as the dynamical quantum Hall effect where the dynamical parameter is the trap center position r 0 [13] .
The momentum-space current derived above is an experimentally observable quantity. In fact, since r = i∇ p +A 0 from the minimal coupling in momentum space, we have from (19) that
Thus, the momentum-space current is just the mean position of the wave function measured from the trap center times a constant factor (−κ). In this paper, we refer to the expression (22) as the geometrical expression of the momentum-space current, and the expression (24) as the observable expression. In the next section, we apply the general theory developed in this section to a particular model, a trapped Harper-Hofstadter model, and numerically verify that the geometrical and observable expressions for the momentum-space current indeed agree. In order to experimentally observe the "quantized" nature of the momentum-space Hall current, it is convenient to consider an analog of the net adiabatic charge transport after the trap center is moved by one unit cell in real space from x 0 (0) = 0 to x 0 (T ) = 2π/L x . The charge transport in momentum space is given by
The first term, coming from the momentum-space persistent current, depends on the particular way x 0 (t) is realized, while the second term depends only on the geometrical properties of the momentum-space model and is independent of the particular time dependence of x 0 (t). By taking the average of the measured P y for different values of y 0 , the persistent current term vanishes and one obtainsP
whereC is the Chern number in r 0 space. Thus,P y /L y is quantized to an integer value. The observable expression for the charge transport in momentum space is
which can be estimated by measuring the mean position of the wave function as the trap center moves. Experimentally, the quantization ofP y /L y toC can be checked by repeating the measurement of (27) for different values of y 0 . This averaging procedure is to be contrasted with the real-space quantum Hall effect where multiple experiments with different twisted boundary conditions are not needed to obtain the quantized Hall conductance in a large system approaching the thermodynamic limit [7, 8] . This is because, in the thermodynamic limit, the Berry curvature in the parameter space of the twist boundary condition becomes flat, so only one value of the boundary condition suffices to make the charge transport quantized. In contrast, the thermodynamic limit cannot be taken in the momentum-space quantum Hall effect, as the size of the Brillouin zone is not an extensive quantity, so, generally speaking, the averaging as done in (26) is necessary to obtain a quantized value. However, as we discuss later, in suitable limits where the Berry curvaturẽ Ω(r 0 ) becomes flat and the persistent current vanishes, the quantization
holds even when P y is calculated for one particular value of y 0 .
V. TRAPPED HARPER-HOFSTADTER MODEL
We now apply the theory developed in the previous sections to a particular model, namely, the HarperHofstadter model: a two-dimensional tight-binding model with a uniform perpendicular magnetic field. The Hamiltonian of the Harper-Hofstadter model on a square lattice with a magnetic flux 2πα piercing through a plaquette is
,yâ x,y + e i2παxâ † x,y+1â x,y + H.c. , (29) whereâ x,y is the annihilation operator of a particle at a site (x, y), and J > 0 is the hopping amplitude. We assume the lattice spacing to be 1, and that x and y are both integers. Writing α = p/q, where p and q are coprime integers, the Harper-Hofstadter model has q bands, which are all topologically nontrivial. Our gauge choice in (29) corresponds to the Landau gauge, and the Hamiltonian has the translational invariance as x → x + q and y → y + 1. This implies that the most natural choice of the Brillouin zone has lengths L x = 2π/q and L y = 2π.
We consider the Harper-Hofstadter model coupled to a harmonic trapping potential, so that the total singleparticle Hamiltonian is
where, as before, κ is the strength of the harmonic trapping potential. We start our discussion by focusing in this section on the non-interacting single-particle case and we postpone the discussion of the weakly interacting case to Sec. VI. The momentum-space effective model of (30) and its band structure and ground states have been discussed at length in [11, 12, 21] . We now explore the momentum-space quantum Hall effect of this model. Note that in this model, the single-particle ground state is nondegenerate provided one works with a HarperHofstadter band with a momentum-space Chern number |C| = 1; in this case, the nonzero gap to the first excited state is set by the trapping potential. In suitable regimes, this gap has the physical meaning of the momentumspace cyclotron energy [11] .
A. Momentum-space persistent current
We first focus on the first term in (22) , which is the persistent current in momentum space. Comparing geometrical (22) and observable (24) expressions for the momentum-space current, when the trap center is not moving (∂ t x 0 = 0) we have
This relation implies that the position of the trap center y 0 and the center-of-mass position of the wave function y are generally different. This difference has an interpretation as the persistent current in momentum space, and it is related to the analog of the group velocity ∂ y0 E 0 in r 0 space. We now numerically confirm the relation (31). In Fig. 2 , we plot the middle and right expressions of (31) for α = 1/4 and κ = 0.01J. We estimate the middle (observable) expression in (31) by numerically obtaining the ground-state wave function of (30) and calculating y − y 0 . The right (geometrical) expression in (31) is instead estimated through the numerically obtained ground-state energy of (30) . We see a perfect agreement between these two different methods to calculate the persistent current in momentum space.
B. Geometrical contribution to the momentum-space current
Now, we move on to understand the second term in (22) , which accounts for the momentum-space Hall con- (31), and dots are the observable middle expression of (31) calculated from the non-interacting ground state.
ductivity. It is numerically (and experimentally) easiest to consider the case when the persistent current term is absent, for example, when r 0 is chosen to be along the high-symmetry line at y 0 = 0 (see Fig. 2 ). Then, comparing (22) and (24), one obtains
In particular, when the trap center is moving with a constant velocity x 0 (t) = vt, one has the following relation
which shows how the mean displacement of the wavefunction y is directly proportional to the Berry curvature in r 0 space. This is the analog of the anomalous Hall effect in momentum space. To quantitatively check this relation, we perform the real-time simulation of the non-interacting Schrödinger equation starting from its ground state for a trap center at r 0 = 0 and then slowly moving the trap center along the x axis. For α = 1/4 and κ = 0.01J, we plot the result of the numerical simulation in Fig. 3 . We change the velocity ∂ t x 0 ∝ tanh t starting from x 0 = −2 so that in the interval 0 < x 0 < 4 the velocity is almost constant. Both x 0 (t) and ∂ t x 0 (t) are plotted in Fig. 3(a) . The motion of the trap center should be slow enough not to cause any Landau-Zener transition to excited states; in particular, the maximum speed of the trap center ∂ t x 0 (t) should be much slower than the minimum gap between the lowest-energy state and the first excited state, which in the current case is ∼ 2.4 × 10 −3 J. In Figs. 3 (b) and (c), the comparisons between the left-and the right-hand sides of (33) are plotted for two different velocities of the trap center sweep. The (observable) left-hand side of (33) is calculated from the real-time simulation of the wave function according to the full Hamiltonian (30) . The (geometrical) right-hand side of (33) is instead numerically estimated by calculating the r 0 -space Berry curvature through [22] Ω(r 0 ) = −2 Im
Note that both |ψ n and E n are functions of r 0 . In Fig. 3(b) , we take the total sweep time to be T total = 10 5 /J, which corresponds to v ≈ 7.2 × 10 −5 J in the constant velocity region. In Fig. 3(c) , the sweep is twice faster than that in Fig. 3(b) , namely, T total = 5 × 10 4 /J and v ≈ 1.44 × 10 −4 J in the constant velocity region. In Fig. 3(b) , perfect agreement is found throughout the whole region where the velocity of the trap center is almost constant, whereas the deviation visible in Fig. 3(c) is due to the faster motion of the trap center which makes the dynamics less adiabatic.
C. Numerical verification of the momentum-space quantum Hall effect
We now numerically verify the momentum-space quantum Hall effect. As we mentioned above, one can in principle choose different values of y 0 , and the average charge transport should be quantized as in (26) . Alternatively, the charge transport even for one value of y 0 can approach a quantized value as in (28) when the Berry curvature in r 0 space becomes flat. As mentioned in the original Niu-Thouless-Wu paper [7] , this is the case when the underlying potential is flat and the interparticle interaction is negligible. In our momentum-space setup, the underlying potential becomes flat compared to the band gap and/or the kinetic energy in the limit of large κ or small α. As in these limits one can approximate the momentum-space magnetic field as being uniform across the whole magnetic Brillouin zone, one expects that the quantization of the charge transport is observable without taking an average. This statement will be numerically confirmed in the following.
We consider either y 0 = 0 or 0.5, in which case the persistent current contribution to the momentumspace current vanishes. We sweep the trap center from x 0 = 0 to 1 according to a sinusoidal time dependence x 0 (t) = [1 − cos(πt/T )]/2. Note that, unlike in the previous subsection where we probed the geometrically local propertyΩ(r 0 ) by moving the trap center at a constant speed, the charge transport (25) does not depend on a particular form of x 0 (t) and thus does not require the sweep of the trap center to have a constant speed. The geometrical and observable expressions of the charge transport satisfy the following relation: which should recover the quantized value ofC in the limit of flatΩ(r 0 ). For the trapped Harper-Hofstadter model with α = 1/q, the Chern numberC in r 0 space is always +1, as detailed in Appendix A.
In Fig. 4 , we plot the estimate of (35) for increasing κ and decreasing α, for both y 0 = 0 and 0.5. In Fig. 4(a) , we fix α = 1/4 and vary κ and compare the middle and the right expressions of (35). The (geometrical) middle expression is numerically estimated from (34), while the (observable) right-hand side of (35) is estimated from the real-time simulation of the Schrödinger equation starting from its ground state for the trap center at r 0 = 0. We see that the estimate of (35) approaches the quantized value +1 as κ becomes larger. The further increase of κ beyond the region plotted in Fig. 4(a) results in a strong deviation of P y /L y from 1, because the single-band approximation we employed upon deriving (16) breaks down for a too large trap strength κ [11] . The appreciable remaining deviation that one can see in the plotted region around, say, κ ≈ 0.2 can be attributed to the significant variation of the energy dispersion and the Berry curvature across the magnetic Brillouin zone for the relatively large α = 1/4 considered here.
An even more favorable regime is illustrated in Fig. 4(b) , where we plot the middle and the right expressions of (35) for a fixed value of κ = 0.01J and varying α. In this case, the transported charge quickly converges to an integer value +1 as α → 0, which confirms that the quantization is excellently recovered provided one chooses a suitable regime. 
VI. INTERACTING SYSTEM
In the previous section, we have studied the momentum-space integer quantum Hall effect for noninteracting particles. In the presence of a very weak interaction, the ground state for bosons is still unique and gapped and one can expect that the integer quantum Hall effect in momentum space is still observed with no qualitative nor quantitative change.
The situation is far more interesting for stronger interactions, but still in the mean-field regime of dilute Bose gases. For this regime, we have previously found within mean-field theory that the harmonically trapped HarperHofstadter model can have degenerate ground states that spontaneously break a rotational symmetry [12] . From the general theory of the quantum Hall effect [7, 10] , we know that a topological degeneracy of the ground state in a toroidal geometry typically implies fractional states. It is therefore natural to wonder if the degeneracy found in [12] for a mean-field regime can be somehow related to some kind of fractional states in momentum space and if one can access the fractional quantum Hall effect in momentum space. Although this is unfortunately not the case, as we discuss below, it is interesting to consider why the previously found ground-state degeneracy does not imply a fractional quantum Hall effect in momentum space. While this negative result is, in a way, not surprising as the interaction we are considering is a mean-field one, it does not exclude at all the possibility of obtaining fractional states if one includes stronger beyond-meanfield interactions, as will be the subject of future work. A typical example of a degenerate, symmetrybreaking ground state of the interacting trapped HarperHofstadter model when the trap center is at the origin, r 0 = (0, 0), is depicted in Fig. 5(a) . A characteristic feature of this state is that the density is concentrated in the first quadrant. Since the 90
• rotation modified with an appropriate phase is a symmetry of the system [12, [23] [24] [25] , one can construct three other degenerate ground states from the state in Fig. 5(a) by modified rotations.
We consider moving the trap center along the squareshaped trajectory γ 1 described in Fig. 5(c) along the path  (0, 0) → (1, 0) → (1, 1) → (0, 1) → (0, 0) . Tracking how a ground state evolves as the trap center follows γ 1 , we have found that when the trajectory is completed and the trap center comes backs to the original point (0, 0), the ground state is transformed into a different degenerate ground state.
This strange transformation of the ground states implies that there is at least one point within the region enclosed by the trajectory where the adiabatic motion is not well defined. One can see this by the following simple thought experiment. We can imagine making the trajectory γ 1 gradually smaller, while fixing the initial and the final points at the origin (0, 0). If the adiabatic motion is everywhere well defined inside the trajectory of γ 1 , making the trajectory smaller does not change the initial and the final states, and the initial and the final states should always be different degenerate ground states. However, when the trajectory is sufficiently small, the initial and the final states should be the same, which is a contradiction. Therefore, there must be a point within the trajectory of γ 1 where the adiabatic motion is ill defined. The adiabatic motion can be ill defined, for example, either when the gap to excited states close, or when two ground states merge, or when the adiabatic trajectory reaches saddle points in the energy landscape. When the adiabatic motion is not well defined, the Niu-Thouless-Wu formalism fails and it does not give rise to the quantum Hall effect.
In fact, the ground state is four-fold degenerate only at high-symmetry points such as the origin r 0 = (0, 0). For a general value of r 0 , the ground state is uniquely determined. At the middle of a plaquette r 0 = (1/2, 1/2), the system again has the four-fold modified rotational symmetry, and the symmetry-breaking ground state is fourfold degenerate; a typical state is depicted in Fig. 5(b) and shows that the density is concentrated in the upper half-plane.
The reflection symmetry of the ground state at r 0 = (0, 0) [ Fig. 5(a) ] and of the one at r 0 = (1/2, 1/2) [ Fig. 5(b) ] are therefore different; the former is symmetric with respect to the reflection along a diagonal line, whereas the latter is symmetric with respect to a horizontal or vertical line. Therefore, as one moves the trap center along the diagonal (0, 0) → (1, 1) following the trajectory γ 2 in Fig. 5(c) , the state depicted in Fig. 5(a) initially keeps the original reflection symmetry along the diagonal, but eventually needs to break this symmetry around the center r 0 = (1/2, 1/2) spontaneously falling into one of the ground states of Fig. 5(b) with a different symmetry. It is at this central point r 0 = (1/2, 1/2) where the adiabatic motion is ill defined in this meanfield model.
In more formal terms, the absence of fractional quantum Hall physics in mean-field theory can be traced back to a crucial mathematical difference between the degenerate ground states in standard fractional quantum Hall systems in the presence of strong interactions [7, 10] and the ones predicted by the nonlinear Schrödinger equation with the mean-field theory of [12] .
In the former theory, the degenerate ground states belong to a linear sub-space so that any linear combination of these is also a ground state and the outcome of transport around a loop in r 0 space is a linear operation within the linear space of ground states; in particular, when the loop is contracted to a point, this linear operation tends to the identity. On the other hand, in the latter case, the degenerate ground states correspond to discrete points in the phase space, so they can not be continuously deformed one into another as one contracts a loop. This explains why contracting a trajectory giving a non-trivial effect on the wave function like γ 1 must necessarily hit some singular point.
VII. DISCUSSION
Promising experimental systems in which to observe the quantum Hall effect in momentum space are ultracold atomic gases, where the Harper-Hofstadter model has been recently realized [26] [27] [28] [29] , and the harmonic trapping potential required to observe the momentumspace quantum Hall effect is naturally present. The mean position of the wave function, which is proportional to the momentum-space Hall current, is directly measurable through the center-of-mass position of the Bose-Einstein condensate. Furthermore, the trap center can be controlled by applying a linear potential gradient whose strength can be varied in a well-controlled manner. Once the system is cooled into a Bose-Einstein condensate [29] , the remaining experimental challenges for the quantitative validation of the momentum-space quantum Hall effect are mostly of quantitative nature and reduce to the precise control of the trap center and the very high accuracy in the measurement of the center-of-mass position.
Another promising platform in which to observe the momentum-space quantum Hall effect is offered by photonics systems, where the Harper-Hofstadter model has been realized in coupled cavity arrays [30] and a harmonic trapping potential can be readily applied by varying the resonant frequencies of the cavities in a positiondependent and time-dependent manner. In this case, however, a potential difficulty requiring further exploration comes from the interplay of the adiabatic features discussed in this work with the intrinsically drivendissipative nature of the photonic system [16] .
VIII. CONCLUSION
In this paper, we have investigated a novel form of the quantum Hall effect that takes place in momentum space. Exploiting the fact that the Brillouin zone naturally has a toroidal structure, we have shown that the Niu-Thouless-Wu formalism of the quantum Hall effect in terms of twisted boundary conditions can be directly realized in momentum space. We have numerically verified the integer quantum Hall effect in momentum space by analyzing the harmonically trapped Harper-Hofstadter model.
Our results open up new perspectives in the study of the quantum Hall effect by allowing one to experimentally access various results for which the toroidal geometry is crucial. Of particular interest is the investigation of fractional quantum Hall states in momentum space, and of how the topological degeneracy of such states could be experimentally probed. Because of the nonlocal and long-range nature of interactions in momentum space, fractional states in momentum space cannot be obtained straightforwardly from the analogy to the real-space counterpart. Although it has been anticipated that certain types of strong interactions in the presence of a confining potential and a flat dispersion with nontrivial topology can lead to the fractional states in momentum space [17] , many questions remain open. Therefore, the idea of the momentum-space quantum Hall effect has the potential to become an important tool for the experimental study of exotic fractional states. tight-binding model in momentum space, given by the following form:
where C is the Chern number of the real-space Hofstadter lattice with a flux α = p/q, and α ν is the annihilation operator of a particle in the Wannier state localized in momentum space at momentum (0, 2πν/q). The dependence on y 0 enters through the boundary condition α q = e i2πy0 α 0 . To make the y 0 dependence more explicit in the Hamiltonian, we now perform the transformatioñ α ν ≡ e −i2πy0ν/q α ν . Then, the Hamiltonian is 
withα q =α 0 . Diagonalizing this Hamiltonian, one obtains the energy band structure in the parameter space of the trap center r 0 , and from the eigenstates, one can calculate the Berry curvature and the Chern number in r 0 -space. The Chern number in r 0 space can be, however, obtained without an explicit calculation by noticing the following similarity with the real-space HarperHofstadter model.
For the real-space (untrapped) Harper-Hofstadter model with a flux through a plaquette α ′ = p ′ /q and the hopping amplitude J ′ , the Hamiltonian is diagonal in k x and k y , which are momenta along the x and y directions, and takes the form [22] H kx,ky = − J 
for a given k x and k y , where (k x , k y ) lie within the magnetic Brillouin zone 0 ≤ k x ≤ 2π/q and 0 ≤ k y ≤ 2π, and c kx,ky is the annihilator of a particle with a crystal momentum (k x , k y ). Diagonalizing H kx,ky one obtains the band structure and the Berry curvature in the Brillouin zone. Comparing (A2) and (A3), one notices a clear similarity. In particular, the two Hamiltonians are the same once we make correspondence:
2πx 0 /q ←→ k x , 2πy 0 /q ←→ k y , C/q ←→ α ′ = p ′ /q, α ν ←→ c kx+2παν,ky .
This implies that the Chern number in r 0 space calculated from (A2) is equal to the Chern number of the ordinary Harper-Hofstadter model with the flux α ′ = C/q. For the Harper-Hofstadter model, there is a Diophantine equation which gives the Chern number of any band [4, 22] . The Diophantine equation applied to the lowest band of the Harper-Hofstadter model with flux α = p/q tells that the Chern number C is the unique integer in the range −q/2 ≤ C ≤ q/2 which satisfies 1 = qs − pC,
where s is an integer. As derived above, the Chern number in r 0 space is equal to the Chern number of an ordinary Harper-Hofstadter model with flux C/q. This means that the Chern number of the lowest band in r 0 space, C, satisfies 1 = qs − CC.
Comparing (A5) and (A6), one obtains that when |p| ≤ q/2,C = p, when p > q/2,C = p−q, and when p < −q/2, C = p + q. In particular, when α = 1/q,C = 1 as used in the main text. Even though the derivation given here is restricted to the small trap limit, the result for the Chern numberC remains correct also for larger trap strengths, as long as the energy gap in r 0 remains open.
